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The Weierstrass--Enneper representation \[[@CR36]\] is a fundamental tool in differential geometry for creating interesting examples of minimal surfaces in Euclidean 3-space. A similar representation was developed by Bryant \[[@CR6]\], and later \[[@CR35]\], for surfaces of constant mean curvature (CMC) $\documentclass[12pt]{minimal}
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                \begin{document}$$c^{2}$$\end{document}$ \[[@CR1]\],flat surfaces in hyperbolic 3-space \[[@CR21]\],linear Weingarten surfaces of Bryant type in hyperbolic 3-space \[[@CR22]\],linear Weingarten surfaces of Bianchi type in de Sitter 3-space \[[@CR2]\].The ingredients for such representations are always the same: a meromorphic function and a holomorphic 1-form. Thus one might expect that these representations are related in some way. A unification of some of these representations was achieved in \[[@CR3]\] under the umbrella of marginally trapped surfaces in Minkowski space.

On the other hand, geometric interpretations of these representations have been sought in various works. The classical Weierstrass--Enneper representation can be understood using the Christoffel transformation of isothermic surfaces \[[@CR23]\]. The Umehara--Yamada perturbation \[[@CR35]\] deforms minimal surfaces in Euclidean 3-space into CMC-1 surfaces in hyperbolic 3-space. This perturbation is given a Möbius geometric interpretation in \[[@CR24]\] as the spectral deformation of isothermic surfaces, arising due to the integrable nature of this surface class (see, for example,  \[[@CR7], [@CR15], [@CR19]\]). A Laguerre geometric interpretation of this perturbation was studied in \[[@CR28]\], extending this notion to a wider class of surfaces.
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In Laguerre geometry, one uses isotropy projection to identify points in $\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar1}
-----------

A spacelike immersion in Minkowski space is a regular marginally trapped surface with flat normal bundle if and only if it is Christoffel dual to a section of one of its lightlike Gauss maps.
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Weierstrass-type representations {#Sec4}
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### Remark 4.1 {#FPar3}

In \[[@CR28]\] it was shown that surfaces in Euclidean space that are simultaneously *L*-minimal and *L*-isothermic are those surfaces whose middle sphere congruence is one of the three cases above. On the other hand, a Weierstrass-type representation was developed for such surfaces in \[[@CR34]\]. One can recover this representation by intersecting the envelopes *L* of the three cases above with appropriate affine Euclidean 3-spaces.

We summarise the results of this subsection in the following theorem:
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In fact, it was shown using Clifford algebra that this relation can be expressed by the vanishing of a single wedge.
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The choice of *m* here amounts to a constant scaling of the Hopf differential. In many works this scaling is fixed by choosing *m* appropriately.

This analysis is analogous to that performed in \[[@CR11], Section 4.6\] for parallel families of linear Weingarten surfaces in hyperbolic space.

Note that in order for this expression to be well defined, one must assume that $\documentclass[12pt]{minimal}
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